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Abstrat
In previous works it was shown that protein 3D-onformations ould be enoded into dis-
rete sequenes alled dominane partition sequenes (DPS), that generated a linear parti-
tion of moleular onformational spae into regions of moleular onformations that have the
same DPS. In this work we desribe proedures for building in a ubi lattie the set of 3D-
onformations that are ompatible with a given DPS. Furthermore, this set an be strutured
as a graph upon whih a ombinatorial algorithm an be applied for omputing the mean
energy of the onformations in a ell.
1 Introdution
In previous papers [1-5℄ we have built a series of mathematial tools for studying the multidimen-
sional moleular onformational spae of proteins, with the aim of understanding the dynamial
states of proteins by building a omplete energy surfae.
In this approah, the 3D-strutures of protein moleules are enoded into a linear sequene of
numbers alled dominane partition sequenes (DPS) [1-5℄, there are three of these sequenes
one for eah oordinate x, y and z. For a moleule of N atoms assigning to eah atom a number
in the range 1 − N , then for a oordinate c the DPS is : the sequene of atom numbers sorted in
asending order of the value of the c-oordinate of their respetive atoms.
A typial 3D-DP sequene may be something like
{{(5)(3)(1)(4)(2)}x, {(2)(4)(3)(1)(5)}y, {(1)(3)(5)(2)(4)}z}
whih means that
x5 < x3 < x1 < x4 < x2, y2 < y4 < y3 < y1 < y5, z1 < z3 < z5 < z2 < z4
A simple example of DPS an be extrated from Fig. 1 where the α-arbon skeleton of the panreati
trypsin inhibitor protein [6,7℄ is shown
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Figure 1
Numbered α-arbon hain stereoview of the panreati trypsin inhibitor protein.
with the atoms positions numbered. The DPSs for this protein onformation are :
{{(58)(49)(29)(48)(57)(27)(28)(31)(30)(52) (32)(47)(53)(50)(19)(26)(21)(56)(51)(24)
(33)(20)(23)(55)(46)(25)(22)(34)(54)(18) (1)(45)(17) (5) (6)(35)(44) (2) (8)(43)
(16) (9)(11) (7) (3)(10)(36) (4)(37)(42) (15)(12)(41)(40)(14)(38)(13)(39)}x,
{(15)(16)(17)(14)(18)(37)(36)(13)(19)(38) (34)(35)(12)(11)(39)(20)(33)(46)(10)(40)
(32)(47)(21)(45)(44) (9)(48)(31)(41)(22) (49)(50)(43)(42) (8)(51)(30)(23)(24)(52)
(7)(29)(54)(53) (5)(27)(55)(26)(25) (4) (6)(28)(57)(56)(58) (3) (2) (1)}y,
{(26)(27)(10) (8)(25) (7)(24)(11) (6) (9) (12)(28)(13)(33)(34)(15)(31)(32)(29)(17)
(14)(23)(36)(41)(35) (3)(40) (5)(22)(16) (30) (4)(39)(43) (1)(18)(21)(19)(42)(20)
(44)(38) (2)(37)(55)(48)(45)(51)(52)(57) (56)(47)(46)(54)(49)(53)(58)(50)}z} (1)
The main tool developped [3-5℄ in this approah an be desribed as a utuation amplier: the
small movements of a moleular system, whih are essentailly sampled with the urrent omputer
simulating tools, are enoded by means of a simple ombinatorial struture, from whih we an
generate the omplete set of DPSs orresponding to realizable 3D-onformations that arise from
the ombination of these movements. In the preeeding papers [3-5℄ it was desribed how to build
a graph whose nodes are the ells that are visited by the system in its thermal wandering, with
edges towards the adjaent ells.
As it was it was suggested in [1℄ moleular 3D-onformations are onstrained in a small fration of
the ell volume, for this formalism to be useful the onformational volume inside a ell has to be
probed and the mean energy of its onformations must be evaluated. The problem adressed in the
present work is how from a DPS ode the set of 3D-onformations it enodes an be reonstruted.
2 A proedure for embedding moleular onformations in a
ubi 3D spatial lattie
We start by desribing a proedure for embedding the moleular 3D-strutures in a ubi lattie,
this an be done using empirial data sampled from moleular dynamis simulations [7℄
Proedure 1
1. First we determine the dimensions of the lattie by taking as referene the mean bond length
between Cα arbons, whih is : 3.58Å< 3.86Å< 4.13Å. In the example developped here we
set this length arbitrarily to 20 lattie units, whih gives a lattie spaing of 0.19Å.
2. From the range of variation extrated from moleular dynamis any segment between to lattie
points with a length range between 3.58 × 20/3.86 and 4.13 × 20/3.86 is potentially Cα-Cα
bond segment. The set of valid lattie bond segments, modulo a lattie translation along the
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x, y and z axes, is the set of segments starting at the origin and ending in any lattie point
that lies between two spheres of radius 3.58× 20/3.86 and 4.13× 20/3.86 respetively. This
gives a total of 1883 primary segments, i.e. modulo a reetion through the xy, xz and yz
planes.
3. Next we determine the range of variation for the bond angles, whih is greater than that for
the bond length and varies onsiderably along the Cαhain. For eah bond angle Aα1α2α3along
the main hain we determine two integer numbers : the oored minimum ⌊min(Aα1α2α3)⌋and
the eiled maximum range ⌈max(Aα1α2α3)⌉ respetively. These divide the range 0
◦
− 360
◦
in
a number of intervals whih in our ase give
71◦-74◦-75◦-76◦-77◦-78◦-79◦-80◦-81◦-82◦-87◦-89◦-
90◦-92◦-93◦-94◦-95◦-96◦-97◦-98◦-99◦-100◦-101◦-
103◦-104◦-105◦-106◦-107◦-108◦-109◦-110◦-112◦-
113◦-114◦-115◦-116◦-117◦-118◦-119◦-120◦-121◦-
124◦-125◦-127◦-129◦-135◦-136◦-138◦-139◦-143◦-
144◦-147◦-148◦-149◦-150◦-151◦-152◦-153◦-154◦-
155◦-156◦-157◦-159◦-162◦-163◦-167◦ (2)
eah Aα1α2α3along the bakbone has a range spanning a given interval set from (2).
4. The set of allowed bond angles formed by pairs of primary segments are lassied aording
to the following :
(a) Their sign vetor : from a broken line formed by two primary segments with end o-
ordinates v1 = {x0, y0, z0} and v2 = {x1, y1, z1}, a set of three sign vetors an be
generated
{sign(−x0), sign(−x1), sign(x0 − x1)}
{sign(−y0), sign(−y1), sign(y0 − y1)}
{sign(−y0), sign(−y1), sign(y0 − y1)}
where the funtion sign(x) returns the symbols +,− and 0 if x is positive, negative or
zero
1
. In order to redue the size of data we introdue the onstraint that the rst three
signs of eah vetor must be +, from these all other sign lasses an be generated by
reetion symmetry through the planes perpendiular to x, y and z. A total of 328 sign
lasses are thus generated.
(b) Their bond angle interval : pairs of primary bond segments within a sign lass are sorted
in angular interval sublasses aording to their bond angle.
5. Next lattie embedded moleular 3D-onformations of the protein bakbone an be generated
by joining lattie bond segments with the orret angular interval and the orret sign matrix
between the atoms.
3 The graph of lattie points
Eah bond between two atoms in the moleular bakbone an be approximated by a lattie primary
segment, and eah pair of onseutive bonds an be approximated by a pair of segments having
an angle within the bond angle dynami range (2). In our approah moleular bakbone 3D-
onformations are haraterized by the dynami range of their bond lengths and bond angles, and
by the sign matrix or equivalently the dominane partition sequene. We have seen in the previous
setion how to embed the moleular bakbone in a disrete lattie, the problem we try to solve here
1
The sign matrix and DPSs are equivalent sine sign(x0 − x1) = + means that x0 > x1[1℄.
3
is how to enumerate the nite set of lattie 3D-onformations that fulll the DPS onstraints of a
ell or set of ells.
For this we need to build a graphial struture that we all the graph of lattie points in three
steps
Proedure 2
1. we arbitrarily set the oordinates of the rst Cα (the root node) in the bakbone to {0, 0, 0}
to avoid translation ambiguities.
2. we hoose all segment pairs that have the same sign vetors as the rst 3 Cαs and angular
value within the interval limits allowed for the rst bond angle.
3. building the (n+1)th lattie bond level in the Cα bakbone is done from eah individual n
th
level bond segment by joining it with the seond segments of those lattie bond pairs that :
(a) the rst segment is the same as the nth bond,
(b) the angular value of the pair is within the range of the (n+ 1)thbond angles.
4. for eah level the nodes of the graph are the lattie points at the upper end of a bond segment.
There will be two ars between any two points in two onseutive levels if they are onneted
by a bond segment: a forward ar from the node in the nth level towards the one in the
(n+1)thlevel if the two are onneted by a bond segment, there is also a reverse ar from the
(n+ 1)thlevel towards the nthlevel between the same two nodes.
5. The root node has an ar towards every node in the upper level and reiproally.
4 An algorithm for determining the set of inter atomi dis-
tanes and weights
In fore elds urrently used in moleular dynamis simulations [8℄ atoms are represented by point-
like strutures and onformational energy is alulated with a Hamiltonian whih is a sum of two
kinds of terms a) loal : whih involve groups of 2, 3 and 4 onseutive atoms needed to alulate
the bond, bond angle and torsion angle energies; b) non-loal involving pairs of atoms lying
anywhere in the struture, these are needed for alulating the eletrostati and van der Waals
energy terms.
Usually energy is alulated for only one onformation at a time, not here : in this work we
intend to alulate the energy for a great number of strutures simultaneously, as eah term in the
hamiltonian may appear in many strutures, we want to alulate it only one. For this we need to
know in how many 3D-strutures, or equivalently for how many paths in the graph of lattie points,
our term arises. For the non-loal terms we need further to enumerate the whole set of inter-atomi
distanes between pairs of atoms, this is possible on a lattie beause squared distanes are integer
numbers.
We rst start by desribing an algorithm that assigns two weights to eah node : for a given node
n the lower weight (LWn) is the number of downward paths starting at the node and ending at
the root node, the upper weight (UWn) is the number of upward paths starting at the node and
ending at some node in the top level. The algorithm is as follows :
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Proedure 3
1. For the root node we set its lower weight value to 1.
2. We go to the next level.
3. For eah node n in the level we set the LWn value to the sum of its downward link nodes
LW s.
4. If the top level has not been reahed we go to step 2.
5. Otherwise for every node in the top level we set the upper weight to 1.
6. We go to the previous level.
7. For eah node n in the level we set the UWn value to the sum of its upward link nodes UW s.
8. If the root level has not been reahed we go step 6.
9. Otherwise we terminate the proedure.
Thus two onseutive lattie points a and b will ontribute the quantity Ebond(da,b)×LW a×UWb
to the global bond energy, where da,bis the length of the lattie segment between a and b and LWa
and UWb are the lower and upper weights of a and b respetively. Similarly for the bond and
torsion energy of onseutive lattie points a, b, c and d we have Eangle(θa,b,c)× LWa × UWc and
Etorsion(φa,b,c,d)× LWa × UWd respetively. These quantities an be alulated using a variant of
the basi algorithm desribed in proedure 1.
To determine the weights for distanes between arbitrary pairs of nodes we need three new data
strutures : an integer ag variable in every node, a sorted table of distanes and a register array
whose lengh is the number of levels.
Proedure 4
1. We set the ag in every node to 0.
2. For the Ntop nodes in the top level.
3. For every node in the top level
(a) We assign to eah one a number ntop from 1 to Ntop.
(b) We enter the node in the top level of the array register.
() We follow every downward link in suesion to the previous level.
4. For eah node thus reahed
(a) We set its ag to the top level number and we enter the node in the orresponding level
of the array register.
(b) We follow every downward link in suesion.
() Upon reahing the root level or a node whose ag value is equal to the urrent ntop
i. We alulate the distanes between all nodes in the array register from the urrent
to the top level.
ii. Every alulated distane da,b between nodes a and b in levels La > Lb is assigned an
upper and lower weight : UWa and LWb. The array {da,b, LWb, UWa} is searhed
in the table of distanes
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A. If not found it is entered in the table together with the number counta,b whih
is set to 1.
B. If the array already exists in the table counta,b is inreased by 1.
iii. We return to the previous node and from there we follow the next downward link
to a node in the lower level.
(d) Upon reahing a node in level Lv whose ag value n > 0 is dierent from the urrent
ntop
i. We ontinue the downward exploration of the graph setting the ag of every node
to ntop.
ii. We upon reahing the root node we do not ompute distanes between nodes in
levels Lv or lower.
5. The proedure terminates when all downward links in every top node have been explored.
Eah distane da,b from the table of distanes will have a weigth Wa,b = UWa + LWb + counta,b
whih will we used to ompute the van der Waals and eletrostati terms of the hamiltonian
EvdW (da,b)×Wa,b and Eelec(da,b)×Wa,b respetively.
5 Disussion
The proedures disussed in this work make possible removal of two important hurdles of the
formalism in its way towards pratial appliations :
1. The onstrution of realisti 3D-onformations with a given partition sequene. As was dis-
ussed in [1℄, a lot of strutural information disappears when replaing the oordinates of a
moleule by the inverse sequenes of its DPSs, however though the moleule appears heavily
deformed all the seondary struture motifs : α-helies, β-sheets, turns, ... together with the
overall 3D folding arrangement an still be reognized. This means that the 3 × (N − 1)-
dimensional volume
2
of a ell in onformational spae is big enough to allow for very lean
odes, but it still exerts a onstraint that keeps the 3D-strutures lose to the real ones.
2. The ombinatorial strutures desribed above for building moleular onformations an be
transformed to alulate their mean energy. Whih is essential for omparing the results from
this formalism with experimental data.
It is also quite oneivable that in some pratial situations the proedures deribed above may
overwhelmed by the amount of data generated, in this ase the ombinatorial strutures they
generate will have to be pruned in order to make them useful. This question will be adressesed
when submitting this model of onformational moleular spae to phenomenologial tests.
2
For a moleule with N atoms.
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